We present an approach to extend plasma transport theory into the Warm Dense Matter (WDM) regime characterized by moderate Coulomb coupling and electron degeneracy. It is based on a recently proposed closure of the BBGKY hierarchy that expands in terms of the departure of correlations from their equilibrium value, rather than in terms of the strength of correlations. This kinetic equation contains modifications to the collision term in addition to a second term that models the non-ideal contributions to the equation of state. An explicit collision operator is derived in the semiclassical limit that is similar to that of the Uehling-Uhlenbeck equation, but where scattering is mediated by the potential of mean force (PMF). As a demonstration, we use this collision integral to evaluate temperature and momentum relaxation rates in dense plasmas. We obtain degeneracyand coupling-dependent "Coulomb integrals" that take the place of ln Λ in the scattering rates. We additionally find a novel difference in the way in which degeneracy influences momentum relaxation in comparison to temperature relaxation. Finally, we evaluate electron-ion relaxation rates for the case of warm dense deuterium over a range of density and temperature spanning the classical to quantum and weak to strong coupling transitions. Results are compared with the Landau-Spitzer rate and rates obtained from the quantum Landau-Fokker-Planck equation and Lee-More model. We find that the models diverge significantly in the degenerate and moderately coupled regime and attribute this difference to how the various models treat the physics of Pauli blocking, correlations, large-angle scattering, and diffraction.
I. INTRODUCTION
Physical models are often based on expansions in small parameters about some more simple state. For instance in plasma physics transport properties are traditionally calculated from an expansion in which the ratio of the average potential energy to kinetic energy (the Coulomb coupling parameter Γ = U / K ) is taken to be small. In Fermi liquid theory, the coupling may be strong, but the ratio of the temperature to the Fermi energy (the inverse degeneracy parameter Θ = T /E F ) is taken to be small. In solid state physics, a rigid or semi-rigid ion lattice provides a zero-order structure about which to base a perturbation expansion. Warm Dense Matter (WDM) is defined by the condition that neither the deviation from an ideal plasma, nor from a zero-temperature Fermi liquid, nor from a rigid lattice structure, can be taken to be small. This occurs in experiments involving extreme compression of materials [1] [2] [3] , in astrophysics [4, 5] , and along the compression path in inertial confinement fusion (ICF) experiments [6] . As a result of the demanding conditions for theoretical modeling, the description of WDM has been highly reliant on computational techniques. However, ab initio computation proves too expensive for many problems in WDM, whereas faster methods often involve uncontrolled approximations or have uncertain applicability in WDM conditions. In order to support computational efforts, explore larger regions of param- * shane-rightley@uiowa.edu † scott-baalrud@uiowa.edu eter space, and expediently provide data tables for hydrodynamic simulations, reliable and fast tools for the computation of transport coefficients in dense plasmas and WDM remain desirable.
In this work, we apply a new expansion parameter to quantum kinetic theory to develop a model for transport in plasmas subject to electron degeneracy and Coulomb coupling -thus providing an expansion parameter suitable for WDM. The model is derived via an extension of a novel closure [7] of the BBGKY hierarchy to the quantum domain. Rather than expanding about small density or weak coupling, the new closure expands in terms of the departure of correlations from their equilibrium values. In the classical case this model shows that two particles in the plasma interact via the potential of mean force, and it has proven successful at predicting ion transport in both classical and dense plasmas with moderate coupling [8] [9] [10] . Here, we develop the extension of this theory into the quantum domain to derive quantum mean force kinetic theory (QMFKT). The modified BBGKY hierarchy can be closed at any level, which leads to a formal integrodifferential equation for the reduced Wigner distributions. The "free-streaming" part of the equation in our case contains a new term associated with the excess pressure; i.e., the model incorporates non-ideal effects in the equation of state. Meanwhile, the new collision term contains the effects of correlations, approximated by their equilibrium limit. Further reduction of the BBGKY hierarchy to a Boltzmann-type equation is complicated by coupled momentum and position dependence of the reduced Wigner functions due to the uncertainty principle. To obtain an immediately useful transport equation without neglecting diffraction or Pauli blocking, we apply a semi-classical approximation. The smallness of the electron-ion mass ratio justifies the application of this approach to electron-ion collisions in plasmas in which the electron coupling and degeneracy are small to moderate. By closing the resulting hierarchy at second order, and applying the molecular chaos approximation, we obtain a convergent quantum collision operator that is in the form of the Boltzmann-Uehling-Uhlenbeck (BUU) equation, except where the particles scatter via the potential of mean force rather than the Coulomb potential. The model in this limit is particularly suitable for the description of electron-ion relaxation processes in WDM conditions, and as a demonstration we apply it to the calculation of relaxation rates in warm dense deuterium.
The approximate regimes in which these different physical processes are important can be roughly understood in terms of the degeneracy parameter Θ and Coulomb coupling parameter Γ. Because of degeneracy, the electron Coulomb coupling can differ from that of the ions even at the same temperature with single ionization. This is due to the average speed of electrons shifting from the thermal speed to the Fermi speed as degeneracy increases, a phenomenon that causes electrons to become increasingly weakly coupled at high density. This can be seen through the definition Γ = U / K with the statistical averages taken using a Maxwell-Boltzmann distribution for ions and a Fermi-Dirac distribution for electrons so that
and
where a = (3/4πn) 1/3 is the Wigner-Seitz radius, Li is the polylogarithm function (closely related to the Fermi integral) and µ is the electron chemical potential related to Θ through the normalization of the Fermi-Dirac distribution [11] :
The conditions Γ = 1 and Θ = 1 divide the densitytemperature parameter space into multiple regions, as seen in figure 1 . The regimes can be broken down into (a) classical weak coupling, (b) classical strong coupling, (c) quantum weak coupling, and (d) classical strongly coupled ions with degenerate weak or strongly coupled electrons. WDM exists at the intersection of all of these regions marked by the blue region, where no small expansion parameter has been available. Transport in region (a) is well-understood in terms of the Landau-Spitzer theory, and region (c) has been successfully modeled through quantum weak-coupling theories such as the quantum Landau-Fokker-Planck equation [12] . Progress has recently been made extending classical plasma transport theory into region (b) for Γ 20 through use of mean force kinetic theory (MFKT) [7] [8] [9] , which has also been successfully applied in region (d) for WDM in the case of ion transport [10] . Here, we broaden this approach to include electron degeneracy in the dynamics.
Existing theoretical methods for predicting transport in WDM typically fall into the categories of binary collision theories [12] [13] [14] [15] [16] , linear response theories [17] [18] [19] , and non-equilibrium Green's functions and field-theoretic methods [20] [21] [22] [23] [24] . In this work we overcome some limits of existing methods by performing a controlled expansion, and in the quasi-classical limit the resulting model is physically intuitive and can be evaluated relatively quickly. The model in this limit is expected to be valid for plasmas with weak and moderate coupling (Γ 20) and classical or moderately degenerate electrons, when m e T i ≪ m i T e , and when the system correlations are well-approximated by their equilibrium limit. The extension of this region beyond the currently well-described regions is shown as the green area in figure 1. For the case of warm dense deuterium, we evaluate the model and some common and simple alternatives and discuss the relative importance of the effects of correlation, largeangle scattering, Pauli blocking, and diffraction. We use this scheme to select three densities at which to evaluate the model for warm dense deuterium in order to access regimes with a different physical process dominating in each.
We begin by deriving our kinetic theory from the quantum Liouville equation in section II. We introduce the new closure and, in the limit that electron coupling and degeneracy are small to moderate, obtain a quasiclassical potential of mean force that moderates two-body interactions in the plasma. From there we obtain a quantum kinetic equation, in which the collision operator is similar to the BUU collision operator, but where correlation effects arise in the scattering cross section via the potential of mean force. In section IV we apply this to electron-ion momentum and temperature relaxation, where we obtain degeneracy-and correlation-dependent "Coulomb integrals" that replace the traditional Coulomb logarithm. We compare the relaxation rates predicted from our theory with other common models in an experimentally relevant parameter regime in section V. We conclude and summarize in section VI.
II. QUANTUM MEAN FORCE KINETIC THEORY
Quantum kinetic theory has been developed partly in parallel with the historical development of plasma kinetic theory and partly as a result of the demands of advances in solid state physics and high energy density physics. An overview of the subject can be found in [24] . Beginning with the quantum Liouville equation for the Wigner Figure 1 . Parameter regimes of plasmas. The solid black line is the boundary between weak and strong electron coupling Γe = 1 and turns over due to the electron degeneracy; the dotted lined is the separation between weak and strong ion coupling Γi = 1; and the dashed line is the separation between classical and degenerate electrons Θ = 1. The darker blue oval denotes the sector of Warm Dense Matter. Region a (yellow) is classical weakly coupled plasma; region b (light blue) is characterized by classical strong coupling; region c (pink) by quantum weak coupling, and region d (green) by both quantum electrons and strongly-coupled ions. We expect QMFKT to apply to each region a-d. The red line demarcates the region of validity of plasma-type transport theories; beyond this is the regime of condensed matter. Dots are points at which the theory is evaluated, with the bold dots being presented in figure 6.
quasi-probability distribution, we will now develop a closure scheme for the quantum BBGKY hierarchy in which the new closure parameter quantifies the departure of the correlations in the system from their equilibrium values.
A. Wigner Functions and the Quantum BBGKY Hierarchy
Our theory is developed in terms of the many-body Wigner function f (N ) , which contains equivalent infor-mation to the N − body wavefunction, i.e. it completely specifies the state of the system. The Wigner function evolves according to the quantum Liouville equation [25, 26] 
with a local potential U (r N ) which is a function of the 3N coordinates r N of the N particles. Here the notation (1, 2...N ) means the set of all N positions and momenta
in which the superscripts U and f refer to the function on which the derivatives operate. The derivatives represent 3N − dimensional gradients, and the sin operator is defined via its power series. For a pairwise (e.g. Coulomb) potential φ(r ij ) with no external fields,
where r ij = r i − r j . To facilitate comparison with the Liouville equation, we expand the sin operator,
The classical Liouville equation is obtained by keeping only the first term of the sum over k. To maintain similarity with the classical case, we write the quantum Liouville equation as
where
is the "quantum Coulomb" operator. Equations (8)- (10) are an exact description of the N − body problem.
As is true classically, full knowledge of the N-body problem is not necessary to specify the important parameters of the system. Instead, the n ′ th reduced Wigner function, obtained by integrating the N-body Wigner function over some fraction N − n of the particle phase space
where dx n = dx 1 dx 2 . . . dx n , is sufficient to calculate observables that depend on n or fewer particle coordinates. For example, the fluid variables number density, drift velocity, pressure, and energy-density can be determined from the reduced one-particle Wigner functions.
If the quantum Liouville equation is integrated over the N − n subspace coordinates, an equation of motion for the n − body reduced Wigner function f (n) (1, 2...n; t) is obtained. Averaging over the positions and momenta of particles n, n + 1... N , utilizing the symmetry of the Wigner function under exchange of particle indices, provides the quantum BBGKY hierarchy
An approximation is needed in order to close the hierarchy and make calculations using only the first n reduced functions. Typically, the approximation that is made involves the assumption that f (n+1) = 0, implying weak correlations, in order to neglect dependence on the n + 1 and higher-order distributions. In the following, we will follow a recent approach that has been applied to the classical limit [7] and instead make the approximation that the system is close to equilibrium, without neglecting correlations.
B. Expansion Parameter and Closure Approximation
Typically, equation (12) is closed at a given level n by making some assumption about the unimportance of correlations at the level n+1, thus simplifying or neglecting the f (n+1) dependence on the right-hand side (RHS). However, this approximation neglects correlations and is not justified in even a weakly-coupled plasma because screening is important. To obtain a convergent kinetic equation, we instead re-write the equation in terms of a new expansion parameter that does not explicitly depend on the strength of the interaction or the density. We define the relative deviation of the n + 1−body Wigner function from equilibrium as
Adding and subtracting the second term on the right hand side of this definition to the BBGKY equation and rearranging, we express ∆f as the expansion parameter:
The operator L QC i,n+1 in the last term on the LHS is understood to contain derivatives that operate on both the equilibrium Wigner functions and the f (n) term. Like the original BBGKY equation, this is an exact description of the plasma. However, the RHS is now proportional to a quantity which is by definition small for a system near equilibrium. Closure can then be obtained naturally at any level n of the hierarchy by taking ∆f (n+1) = 0. The remainder on the LHS and the first n − 1 equations then describe the effective dynamics of n particles in the presence of the static influence of particles n + 1 . . . N within the equilibrium reduced Wigner function f
The relevant operator is the new term on the left hand side
In the classical case this term can be shown to combine with the free-particle operator L i to become a new two-body interaction operator containing the potential of mean force [7] . However, the equilibrium Wigner functions differ from the classical distributions in that they must encapsulate the uncertainty and Pauli-exclusion principles. Specifically, the f (n) 0
do not decouple into independent functions of the positions and momenta of the particles due to the uncertainty principle. In the classical limit, the ratio f
depends on the momentum p n+1 only through a factor exp p n+1 , and after the integration over p n+1 the momentum derivative in the L i,n+1 operator therefore commutes through this ratio. Without this simplification, it is not clear how to write a new operator in the form ∇W ij · ∂f (n) /∂p ij , and therefore unclear how to explicitly obtain a potential of mean force. Furthermore, the 1 − particle momentum distribution for a fermion does not have simple Maxwellian dependence but instead is a Fermi-Dirac distribution. This complicates the derivation, and the former even obscures the meaning of the potential of mean force for a general quantum system due to the dependence on momentum.
Nevertheless, the closed hierarchy represents a formal approximate solution. Kinetic theories provide closed equations for the single-particle distribution. This may be obtained through closure at the second hierarchy equation. Taking ∆f (3) = 0, the system is described by the first level equation
and the second level equation
Consider the first level equation; typically, the LHS would describe the free streaming motion of a particle while the RHS encapsulates its interaction with the rest of the plasma, i.e. the collision operator. In this new scheme however, the last term on the LHS depends on the equilibrium correlations of the rest of the plasma. This term is associated with the non-ideality of the plasma. Taking the momentum moment dp 1 p 1 {· · · }, the gradient of the ideal pressure results from the free-streaming term dp
In the limit of a Maxwellian distribution and → 0, it has been shown [7] that this becomes exactly the gradient of the excess pressure [27] , where r = |r 1 − r 2 |. Whether such an analytic reduction exists in the quantum case remains to be seen, but it seems clear that the interpretation can be carried over.
Considering the second equation of the hierarchy (19), this can be seen as an integrodifferential equation for the reduced Wigner function f (2) . Knowledge of f (2) and thus ∆f (2) would provide the collision operator that would appear on the RHS of equation (17) . A direct solution of equation (19) would allow direct calculation of transport coefficients for plasmas of arbitrary constituency, strong degeneracy and with weak to moderate coupling. However, such a general solution seems unlikely except under conditions in which the operator (16) simplifies. We will for now restrict ourselves to a semiclassical limit that fulfills these conditions.
III. SEMI-CLASSICAL LIMIT
In order to make further progress, and as a demonstration of the theory, in addition to the closure approxima-
we from this point onward assume a limit in which the operator (16) is well-approximated by its classical limit. We will proceed to justify this specifically for the case of electron-ion interactions in the limit that the ions are classical and the electron degeneracy and coupling are both moderate, but it is also applicable to ion-ion collisions and semiclassical electron-electron collisions. This can be seen through application of the semi-classical Wigner-Kirkwood expansion in for the functions f 0 . The expressions are lengthy and the details have been reserved for Appendix A. Applying the results of Shalitin [28] , we can write e.g.
is the n − body correlation function with V N ≡ N i=1 N j>i φ ij being the total electrostatic potential energy and where the Q and C functions are integrals of combinations of gradients of the potential and contain the sole dependence on the momenta of particles 1 through n; see Appendix A. Furthermore, these terms are of second and higher order in the potential, and are second order in terms of quantum effects. They are thus suppressed by the classical nature of the ions and lack of strong coupling of the electrons, a condition that is wellmatched in the WDM regime. We therefore approximate f
where f M is the Maxwellian distribution. This separation of the position and momentum dependence results in a momentum-independent potential of mean force, but necessitates restriction of the current theory to the semiclassical limit. Without this assumption it is unclear how to interpret the last term on the LHS of equation (15) . With this approximation, we obtain
defines what can properly be interpreted as the potential of mean force W (n) . The BBGKY hierarchy can be rewritten with the mean-force potential absorbing the f 0 terms on the LHS and the Coulomb-force term (29) now describes n − body interactions through the potential of mean force W (n) . This takes the same form as the initial hierarchy equation, but the force operator on the LHS has been modified and now depends on the equilibrium Wigner functions at the n + 1 level. Finally, we note that this semiclassical limit of the potential of mean force can be written in terms of the correlation function
as
which provides direct connection between the potential of mean force and the structural properties of the plasma.
A. Derivation of a Boltzmann-Uehling-Uhlenbeck-like Equation
The theory at this point is written in the form of the original BBGKY equation, but with the Coulomb interaction operator L QC ij being replaced by the mean-force operatorL Q i . Classically, the Boltzmann equation is derived by closing at the second level of the hierarchy. With the new operatorL Q i , equations (17) (18) (19) become
where now the closed n = 2 equation describes the evolution of two particles under the influence of the potential of mean force. Classically the Boltzmann equation can be obtained here by taking the so-called Boltzmann-Grad limit [29] , with the associated approximation of molecular chaos (scattering particle initially uncorrelated), this procedure remains unmodified in the classical MFKT [7] . The derivation of the BUU equation rests on more uncertain ground. Originally proposed by Uehling and Uhlenbeck [30] , a more rigorous definition was attempted in terms of the Wigner function in references [25, 26, 31] . However, the situation remains unsettled, with the most rigorous derivations of the BUU equation being obtained in the density-matrix formalism by Snider [32] and Boercker and Duffty [33] . The result ultimately is indeed the BUU equation written in terms of a scattering T-matrix that plays an analogous role to the differential cross section. There is a caveat: the scattering problem must be solved with the intermediate states of any perturbation expansion respecting exchange symmetry. We argue that in our formalism this is accounted for within the potential itself: the mean-force potential contains the statistical information regarding spectator particles that "dress" the interaction. We further argue that steps in the past derivations of the BUU equation are not affected negatively by the presence of the mean-force potential, and can be carried over to our case. The closure approximation and the molecular chaos assumption still restrict the range of validity of the theory by limiting the extent to which correlations are included, which restricts the theory to moderate values of Γ, as is also true in the classical case [7] . The resulting collision integral is that of Uehling and Uhlenbeck
where the "hatted" quantitiesf s are evaluated at the post-collision velocityv = v + ∆v and θ s = (±1/g s )(h/m s ) 3 where g s is an integer accounting for particle statistics, the + sign corresponds with bosons and the − sign with fermions. The difference between this and the established BUU collision operator is that in the calculation of the differential cross section dσ/dΩ the scattering potential is now the potential of mean force. This can be obtained through solution of the radial Schrödinger equation
via a partial wave expansion, where W
ss ′ = −k B T ln g ss ′ (|r 1 − r 2 |) is the n = 2 limit of equation (31) in terms of the pair correlation function g ss ′ (|r 1 − r 2 |) ≡ g (2) ss ′ (r 1 , r 2 ). Calculation of the differential cross section can be performed through standard quantum scattering theory [34] .
Here we summarize the approximations that have been made to obtain this collision integral. First, we made the closure approximation ∆f (3) /f (3) 0 ≪ 1, meaning that the triplet distribution function of a given species is close to its equilibrium limit. Furthermore, we made the quasi-classical assumption that the product of the degeneracy and coupling parameters was not overly large. For electron-ion interactions, this can be justified by the smallness of the electron-ion mass ratio. Finally, we assume Markovian collisions and molecular chaos, the latter of which again is justified for the case of electronion collisions (whereas for electron-electron collisions one cannot assume f (2) (1, 2) = f (1) (1)f (1) (2) without violating exchange symmetry). These approximations make for a model that is well-suited for the electron-ion collisions in the WDM regime.
B. The Potential of Mean Force
The interpretation of this result is that particles in a strongly coupled plasma do not collide in isolation. Instead of fully treating the dynamics of an n > 2 body collision, the theory shows that the dynamics are approximated by an effective 2-body interaction obtained by canonically averaging over the phase-space of the remaining N − 2 particles at equilibrium. This is similar to the reasoning that leads to the use of screening potentials of the Yukawa type, and indeed the mean-force theory reduces to a Debye screened binary collision theory in the weakly-coupled classical limit. However, the classical Debye-Huckel, or quantum Thomas-Fermi, potentials do not account for correlation effects. Correlations are included in our theory through the presence of the correlation function ρ n in equation (28) . Specifically, for 2−body collisions in a uniform plasma, the potential of mean force can be determined from the correlation function via equation (31) . The function g(r) is an equilibrium quantity and accurate methods have already been devised to model this under a wide range of conditions (see e.g. [27] for the classical limit and [35] for a quantum treatment). Thus, the out-of-equilibrium dynamics have been removed from the problem of calculating the structure. All that is needed is a method of obtaining g(r) at equilibrium. This can be provided in principle by a variety of possible means.
For use in populating large tables of transport coefficients over large parameter spaces, practicality demands fast computation of g(r). One such method is the hypernetted-chain approximation (HNC) which has proven successful in the classical case [8, 9, 36] , and a more sophisticated method applicable to WDM is a coupled average-atom two-component-plasma quantum HNC method that accounts for electron degeneracy and partial ionization [10, 37] . Such methods can be substantially faster than full dynamical calculations such as molecular dynamics. However, more accurate data can be obtained from detailed simulations, or even from ex-periments, in order to verify the pair distributions used and the results obtained. In figure 2 we show example electron-ion scattering potentials for warm dense deuterium at conditions that lie in the weakly coupled classical and moderately coupled degenerate regimes; see regions (a) and (d) of figure 1. Potentials shown are the bare Coulomb potential, which pertains to the original BUU equation, the screened Coulomb potential
with degeneracy-dependent screening length
with λ D being the Debye length, and the potential of mean force derived from pair correlations obtained from a coupled average-atom two-component-plasma model as described in [35, 37] . Such models provide fast and accurate computation without the need for intensive ab-initio simulation. The figure demonstrates the convergence of the potential of mean force with a screened Coulomb potential in the weakly-coupled limit, and the importance of correlations in the calculation of the potential in the region of moderate coupling.
IV. TRANSPORT RATES

A. General Formalism
Temperature relaxation is a transport process of practical importance to WDM. It acts as a probe of electronion collisions in this environment, and the relaxation time τ serves as an important indicator of the underlying physics. WDM is often created in a state that is far from equilibrium. Due to the electron-ion mass ratio, electrons and ions quickly relax into separate populations at two different temperatures. Electron-ion scattering then more slowly equilibrates the two temperatures. The rate τ is additionally an experimentally accessible parameter. Recent experiments have begun measuring this relaxation in the WDM regime [38, 39] , and are showing interesting effects due to both degeneracy and Coulomb coupling. Electron-ion relaxation has been difficult to address computationally as a consequence of the mass ratio along with degeneracy and correlation. However, recent advances have been made to finally make reliable predictions of relaxation rates using wave packet molecular dynamics [40] and mixed classical-quantum molecular dynamics [41, 42] . These methods are opening the door for unprecedented validation of analytical and numerical models. Theoretical prediction of relaxation in a plasma is typified by the theory of Landau and Spitzer. The Landau-Spitzer (LS) theory depends on the Coulomb logarithm ln Λ ei , which vanishes in dense plasmas when the screening length becomes smaller than the Wigner-Seitz radius a. Current models of temperature relaxation include the Fermi Golden Rule (FGR) method [43, 44] , a standard plasma approach using the quantum Landau equation [12] , a method based on a quantum field theory for plasmas [20] [21] [22] , and an approach that incorporates correlation effects in a normal mode kinetic calculation through including local field corrections (LFCs) in the dielectric response [17] , and the quantum Lenard-Balescu equation [19, 45] . Finally, a new method provides the relaxation rate in terms of the electron-ion collision cross section [46] and allows for both degeneracy and correlation in a large area of parameter space. This approach treats the ions as classical particles obeying a Langevinlike equation while the populations of the electron states obey a master equation, with relaxation rates determined from the frictional forces felt by the ions.
Momentum relaxation is another important process in dense plasmas. A velocity drift between electron and ion 0.01 0. populations gives rise to a current, and electron-ion collisional friction contributes to the conductivity. While it should be noted that electron-electron collisions also contribute in calculations of the conductivity, in certain regimes the electron-ion collisions are dominant. LS theory again provides the conductivity for a classical plasma, but neglects both correlation and quantum effects. To correct for this, Lee and More introduced a transport model attempting to extend LS theory to regimes with strong coupling and degeneracy [15] . The quantum LFP equation has been applied to the calculation of momentum relaxation as well [12] . However, these methods do not accurately account for strong collisions. The effects of strong collisions with diffraction on temperature relaxation have been addressed by the so-called T-matrix approach, but without incorporating degeneracy [14] . Degeneracy has been addressed through a variety of methods. The quantum Lenard-Balescu equation has been applied to electrical conductivity [18] , but again is limited to weak coupling. A model for conductivity in a degenerate and strongly-coupled plasma was obtained via the Kubo-Greenwood formalism combined with an averageatom two-component plasma model, where the degeneracy is included through its influence on the electron-ion potential [16, 47] .
A binary mixture of two species s and s ′ out of equilibrium will relax towards equilibrium through s − s, s − s ′ and s ′ − s ′ collisions, which are modeled by the collision operator (34) . Specifically, taking velocity moments of the kinetic equation produces a hierarchy of fluid equations which can be closed through a perturbative expansion about equilibrium. Transport coefficients are determined from moments of the collision operator. The relevant moments can be written
where χ(v) is some polynomial function of the velocity. To simplify we utilize the following properties: dΩ dσ dΩ is invariant under reversal of the collision, i.e. (v, v ′ ) ↔ v,v ′ where v and v ′ are the pre-collision velocities of particles one and two respectively and the "hat"ˆindicates a post-collision quantity, and the phase-space volume element is invariant, i.e. dvdv ′ = dvdv ′ . We thus obtain
Relevant χ (v) are
where ∆v =v − v. Substituting variables v = v ′ + u and the collision kinematics which determine
∆u · ∆u = −2u · ∆u
(see [48] ) shows that
The preceding discussion and the collision operator (34) are in principle applicable to transport in any semi-classical system. As it pertains to WDM, ion-ion scattering is contained within this formalism as ion dynamics are classical and electron degeneracy effects enter only via the potential of mean force. Application of the theory to ion-ion scattering was validated in [10] . The case of the electron-electron terms requires further work due to the subtleties discussed at the end of section II. The model at the level to which we have developed it has immediate applicability to the case of electron-ion scattering.
B. The Relaxation Problem
Presently, we restrict our analysis to the class of problems in which electrons and ions in the plasma are in respective equilibrium with themselves with different fluid quantities T e , T i , V e and V i , respectively. In such a system, the electron and ion fluid variables will equilibrate on a timescale long compared to the respective electronelectron and ion-ion collision times. The ions have a classical Maxwellian velocity distribution
and the electrons have an appropriately normalized Fermi-Dirac velocity distribution
where v T s = 2k B T s /m s and ξ = exp (µ/k B T ), the ion velocity is v ′ and electron velocity is v. We can write
from which the relation of the factor 1 + θ efe to Pauli blocking can be seen in terms of the Fermi-Dirac occupation number: the contribution to the collision integral from collisions to or from occupied states is zero. This simplification occurs from the combination of θ e with the Fermi Dirac distribution and the relation (3). Electron-ion temperature and momentum relaxation rates depend on the energy exchange density Q s−s ′ and friction force density R s−s ′ , respectively. These can in turn be written in terms of the moments (39), assuming a uniform plasma, as The integration over the ion velocity can be simplified significantly in the limit that the ion velocities are much smaller than the electron velocities: m e T i ≪ m i T e , which is true when temperature differences are not extreme, which coincides with our expansion about the equilibrium state. By expanding equation (48) in the limit that the electron distribution is approximately constant over the range of accessible ion velocities, the integral over the ion velocities can be carried out analytically. The evaluation of this integral differs for the calculation of Q ei versus R ei . Therefore we examine each case separately.
Temperature Relaxation
The energy-exchange density (49) in this case becomes
Inserting equation (48) and applying the expansion |v ′ | ≪ |u| and assuming zero drift velocities and |T e − T i | ≪ T e , T i we perform the integral over v ′ and write
where η ≡ u/v T e and therefore obtain, written to facilitate comparison with the classical limit,
The collision frequency ν 
Effects of degeneracy and strong coupling are contained in the function which replaces the Coulomb logarithm,
is the momentum transfer cross section, written in terms of the phase shifts δ l as
The function
determines the relative availability of states that contribute to the scattering. This is plotted in figure 3 for several values of the degeneracy parameter Θ, where it is shown that in the classical limit scattering is dominated by energy transfers around the thermal energy, and as degeneracy increases the envelope of relevant momentumtransfers narrows about the Fermi momentum. It must be noted that the relaxation rate obtained is identical to that obtained in equation (71) of reference [46] by very different means, although the PMF does not appear naturally in this other formulation and must be manually included in the calculations of the cross sections.
Momentum Relaxation
Electron-ion momentum relaxation is a major contributor to electrical resistivity, diffusion, and is also related to the stopping power of ions in a plasma. Here, we concentrate on the case that drift velocities are much slower than the electron thermal speed, with the goal of obtaining a relaxation rate rather than stopping power. Relaxation occurs through collisions between electron and ion populations with different average velocities. The force density (50) associated with these collisions is
(58) Inserting equation (48) into the above equation and applying the expansion |v ′ | ≪ |u| and assuming |T e − T i | ≪ T e , T i and V i ≪ v T i and V e ≪ v T e , the integral over v ′ can be performed analytically and results in
We follow the classical example and write
where the frequency
which is different from that involved in the energyexchange density. Here, σ
1 was defined previously and 
This differs from the classical case in which momentum and temperature relaxation differ only by a numerical factor and a mass ratio [48] . The weighting functions
are shown in figure 3 and compared with the statistical weighting factors in the case of temperature relaxation. The presence of the differing angular integrals between the energy and momentum relaxation cases warrants further discussion. The function (62) behaves differently than a momentum transfer cross-section, and indeed can take on negative values. Through the use of the Wigner-3j function, σ (1) 2 can be expanded in the phase shifts (see appendix B) as
While it is tempting to interpret the quantity σ (1) 2 as a cross-section, σ
2 can become negative, and as will be shown in the following section, it is only in the combination σ p = σ
2 (η, Γ) that this interpretation is justified. We thus refer to σ p as an effective transport cross section. We note that this second term arises due to degeneracy, and has no analog in the classical relaxation problem.
V. RELAXATION RATES IN DENSE DEUTERIUM PLASMA
We illustrate the relaxation rates predicted by the quantum mean force theory for the case of dense deuterium with structural data provided by the average-atom two-component-plasma model (see [35, 37] ). We compare σ figure 5 where it is seen that the resulting integrals are positive, as required. Note that the integrands are peaked functions; broad and peaked near the thermal velocity v T s in the classical limit, and narrow with peak near the Fermi velocity in the degenerate limit. Also note that I p and I ǫ are identical in the classical limit, but differ substantially in the degenerate case due to the presence of the σ (1) 2 factor. We proceed to use equations (51) and (59) to calculate relaxation rates for the case of deuterium compressed to 0.774, 1.75, and 20 g cm −3 . So as to explore the parameter space targeted by our model; for each density we consider a range of temperatures so that the system ranges from classical and weakly coupled to degenerate with moderately coupled ions. The selected points can be seen in figure 1. We compare both the temperature and momentum relaxation rates to traditional weak-coupling models: the Landau-Spitzer rate, the quantum Landau-Fokker-Planck (LFP) rate [12] , and the Lee-More (LM) rate [15] . These results are shown in figures 6-8.
Each model reproduces the well-established Landau-Spitzer result
in the classical weakly-coupled limit. For a given density, the models diverge as temperature decreases and the threshold is crossed into either strong-coupling or degenerate regimes. For reference, we provide the scattering rates predicted by the LM and LFP theories here. The electrical conductivity coefficient predicted by the LM model [15] is 
The quantum LFP equation predicts a collision rate of [12] ν LFP
We further note our expression for the temperature relaxation rate (given by equations (51)-(56)) is the same as that recently obtained by a substantially different method as equations (71)-(75) by Daligault and Simoni [46] . This equivalency can be seen through use of the relation n e (h/ √ πm e V e ) 3 = −2Li 3/2 (−ξ) from the normalization of the Fermi-Dirac distribution. We point out that the potential of mean force does not appear naturally in their expression but can be included ad-hoc in the calculation of the transport cross section.
The characteristic divergence of the Landau-Spitzer result due to the presence of the (inverse) Coulomb logarithm
restricts it from estimating transport even at moderate coupling. The maximum impact parameter is modeled as the larger of either the screening length λ sc or the Wigner-Seitz radius a = (3/4πn i ) 1/3 , and the minimum is either the classical distance of closest approach r L = e 2 /k B T , or more typically in dense plasmas the thermal de Broglie wavelength λ dB = / (m e k B T e ) 1/2 . In dense plasmas the vanishing Coulomb logarithm is often resolved through the modification (see e.g. [15] )
which we apply in the LM and LFP cases. Furthermore in the LM model it is (artificially) enforced that the minimum value of the Coulomb logarithm be 2 [15] :
The approximations inherent in this approach are twofold: small-angle collisions must be assumed to obtain the LFP equation, and the choice of maximum and minimum impact parameters represents an uncontrolled expansion in the strongly coupled regime. The convergent kinetic equation in our approach avoids these limitations. Temperature relaxation times are shown in figure 6 for compressed deuterium at 0.774, 1.75 and 20 g · cm −3 . The potential of mean force force is calculated from pair distributions obtained via the average-atom/twocomponent plasma method of [35, 37] . The LS, LM and LFP rates are calculated according to equations (66)-(72). All expressions agree at high temperatures in the weakly-coupled classical regime, while at low temperature the models differ by a factor of 10 2 − 10 3 as a result of the different levels of inclusion of the physics of strong coupling and degeneracy. In each case there is a minimum in the relaxation time. For the LS result this is a consequence of the disappearance of ln Λ, indicating the transition to strong coupling. If the density is less than 10 23 cm −3 this will occur at a temperature at which the plasma is not yet degenerate, and if the density is greater than 10 23 cm −3 the electrons will be degenerate. However, in the other theories the minimum in τ persists, but is most prominent in the QMFKT while being least significant in the LM and LFP theories that do not account for strong coupling. This minimum can be attributed to a combination of both degeneracy and strong coupling.
At high temperatures, the plasma is classical and weakly coupled, and at low temperatures the plasma is degenerate and strongly coupled, while in between there is a mixture of moderate coupling and degeneracy effects. In order to assess the relative impact of largeangle collisions, correlations, Pauli blocking, and diffraction, we compare calculations with the following models: qLFP (no large-angle collisions or correlations), classical MFKT (no diffraction or Pauli blocking), quantum meanforce theory with classical scattering (no diffraction), quantum kinetic theory with a screened Yukawa potential (neglects strong correlations) and quantum meanforce theory with Maxwellian statistics (diffraction but no Pauli blocking), and finally the full QMFKT with degeneracy, diffraction, correlations and large-angle collisions included. We illustrate this comparison in figure 7 for the case of deuterium at 0.774 gpcc. Beginning with the full QMFKT, we can "turn off" various physical effects to determine their relative importance. For lowenough temperatures, the Pauli blocking contribution becomes significant as there is a large difference between the calculations with and without degeneracy, comparable to the difference between the weakly-coupled quantum LFP theory and the full QMFKT. The impact of diffraction continues to higher temperatures as can be seen in comparison of the calculations with quantum versus classical scattering. The relative importance of correlations and strong collisions vary depending on the density regime. At lower densities, both correlations and large-angle collisions become important at higher temperatures than the Fermi temperature; at higher densities strong collisions are suppressed by the Pauli blocking at all temperatures that would otherwise be strongly coupled. However, the correlations still persist at these densities and influence the scattering. Notably, the correlations and Pauli blocking both contribute to the increasing relaxation times at low temperature, as can be noted by comparison of the classical mean-force and the BUU with screened potential models which both flatten, with the combined effect in the full quantum mean-force model being a large increase in relaxation time at low temperatures. The BUU results with the screened Coulomb potential most closely resemble the LFP results as could be expected from the weak-coupling approximation. However, our method allows for large-angle collisions in addition to the correlations.
The relaxation time τ for energy and momentum relaxation are shown for compressed deuterium at three densities in figure 8 . The rates are equal in the classical limit as expected, and differ for lower temperatures when degeneracy arises. The relaxation times differ for T < T F , and notably the difference is larger for the higher density cases, even for similar levels of degeneracy Θ. Generally, the rates are smaller for energy relaxation, with the maximum difference being a factor of ∼ 2 at the lowest density 0.774 g · cm −3 and only slightly larger at the higher densities. It is unclear whether the collision frequencies themselves differ for the case of different electron and ion temperatures versus different drift velocities. This could be clarified through a more general calculation of relaxation in a plasma with both different electron/ion temperatures and drift velocities. Experimental validation of this phenomenon will require accurate measurements of both momentum and temperature relaxation rates in WDM, a matter of considerable difficulty. However, further consideration of the physical basis for the difference between momentum and temperature relaxation is called for, and perhaps computational methods will prove to be effective to this end.
VI. CONCLUSIONS
We have presented a model for transport in plasmas with weak to moderate Coulomb coupling and weak to moderate electron degeneracy. The model is derived from the quantum BBGKY hierarchy with a closure scheme that expands about the deviation of correlations from their equilibrium values rather than in terms of the strength of the correlations. This incorporates correlations in the equilibrium limit while maintaining the simplicity of binary collisions in the dynamical equation.
Although the expansion provides a general framework, it is difficult to solve in practice. A practical model was obtained by applying a quasi-classical approximation, closure at n = 2, and the molecular chaos approximation. This is relevant to electron-ion collisions in warm dense matter. The result has the form of a Boltzmann-Uehling-Uhlenbeck equation, but where the binary collisions are mediated by the electron-ion potential of mean force (PMF), which is calculated directly from the pair distribution function g ei (r). Any means of obtaining g ei thus provides a means of obtaining the PMF.
The model was used to evaluate relaxation rates in warm dense deuterium, in which the g ei were provided by an average-atom two-component-plasma hybrid model [37] . The temperature relaxation rate was written analogously to the classical Landau-Spitzer (LS) result in terms of a "Coulomb integral" that takes the place of the traditional Coulomb logarithm. The Coulomb integral for temperature relaxation depends on the level of degeneracy, and Coulomb coupling enters through the calculation of the momentum-transfer cross section solving the Schrödinger equation with the PMF as the scattering potential. The momentum relaxation rate differs from temperature relaxation in that it depends on a different transport cross section, which includes a term that is solely associated with degeneracy, and has no analog in the classical limit. The dependence of the integrands of the Coulomb integrals on the level of degeneracy was compared for the temperature and momentum relaxation cases.
We concluded by calculating the temperature and momentum relaxation rates in dense deuterium at three different densities over temperature ranges to cover the transitions between weak and moderate coupling and weak and moderate degeneracy. The temperature and momentum relaxation rates were compared with each other, and also compared with other common approximations for the relaxation rates. It was found that all models agree in the classical weak-coupling limit as expected, and diverge widely in the limit of a degenerate moderately-coupled plasma. We assessed the relative importance of the different relevant physical processes that complicate the problem as degeneracy and coupling simultaneously increase: diffraction, Pauli blocking, correlations, and large-angle scattering. Interestingly, in the degenerate regime there is a quantitative difference in the predicted relaxation rates for momentum versus en-ergy. Ultimately, current and near-future experimental measurements and ab-initio simulations will be able to shed light on the applicability of the different models of transport for dense plasmas and WDM.
Further extensions of this work may be possible by solving the general formulation, rather than the semiclassical limit, to address electron-electron collisions in WDM. In this case the definition and interpretation of the PMF is complicated by both the exclusion and uncertainty principles. Further work will be required to obtain a rigorously derived convergent kinetic equation for electron-electron collisions. Finally, recent and upcoming experimental measurements of electrical conductivity and temperature relaxation [38, 39] may soon open the door for discrimination between the validity of the various models of relaxation in dense plasmas. This will enhance our understanding of the basic physics of dense plasmas, and allow increased fidelity in the rapid calculation of transport coefficients for use in hydrodynamic simulations of naturally and experimentally occurring WDM.
we can write
and, taking the expansion terms Q n to be small compared to the C n , obtain
where g 3 = exp (−βU ) d 3(N −3) r. The term in parenthesis is the first-order quantum correction, it is suppressed for small coupling and for small degeneracy. For the case of electron-ion collisions it can be neglected if both the degeneracy and coupling are only small to moderate. Dropping this term we obtain equation (24) . 
where · · · · · · is the Wigner 3j symbol and using the specific values for l = 0, 1, and 2, we obtain equation (65). 10 -15
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Temperature T e (eV) Relaxation time (sec) Figure 6 . Electron-ion collisional relaxation times (τ = ν −1 ei ) as a function of temperature in deuterium at 0.774 g · cm −3 (top), 1.75 g · cm −3 (middle) and 20 g · cm −3 (bottom). 5 10 50 100
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Temperature T e (eV) Relaxation time (sec) Figure 7 . Comparison of temperature relaxation times from differing methods in order to elucidate the relative importance of Pauli blocking, correlations, large-angle scattering, and diffraction, for deuterium at 0.774 g · cm −3 . The lines correspond to the different levels of evaluation of the collision operator in an attempt to "turn off" different combinations of physical processes: QMF (quantum mean-force kinetic theory), QSC (BUU with screened potential), QLFP (quantum LFP equation [screened potential with weak collisions]), DEGMF (QMFKT with the potential of mean force and classical scattering), C (fully-classical mean-force theory), and QMAX (mean-force theory with quantum scattering but Maxwellian statistics). Figure 8 . Comparison of temperature and momentum relaxation times in all three density regimes considered. In each case rates differ for T < TF but do not diverge widely even at very low temperature. The rates are smaller for temperature relaxation than for momentum relaxation.
